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Abstract
Let E be an elliptic curve over Q and let F := Q({√m ; m ∈ Z}). Laska and Lorenz showed
that there exist at most 31 possibilities for the type of the torsion subgroup E(F)tors of E over
F. In this paper, we showed that there exist exactly 20 possibilities for E(F)tors.
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1. Introduction
Let E be an elliptic curve over Q. Then, by Mazur’s theorem, the torsion subgroup
E(Q)tors of E over Q is isomorphic to one of the following.
Z/NZ for N = 1, . . . , 10, 12,
Z/2Z⊕ Z/2NZ for N = 1, 2, 3, 4.
Let F denote the maximal elementary abelian 2-extension of Q, that is, F := Q({√m ;
m ∈ Z}). Then, it has been known that there exist at most 31 possibilities for the type
of the torsion subgroup E(F)tors of E over F.
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Theorem 1 (Laska and Lorenz [3, Theorem]). Let E be an elliptic curve over Q. Let
F := Q({√m ; m ∈ Z}). Then, the torsion subgroup E(F)tors is isomorphic to one of
the following 31 groups:
Z/2a+bZ⊕ Z/2aZ for a = 1, 2, 3 and b = 0, 1, 2, 3,
Z/2a+bZ⊕ Z/2aZ⊕ Z/3Z for a = 1, 2, 3 and b = 0, 1,
Z/2aZ⊕ Z/2aZ⊕ Z/5Z for a = 1, 2, 3,
Z/2aZ⊕ Z/2aZ⊕ Z/3Z⊕ Z/3Z for a = 1, 2, 3
or {O}, Z/3Z, Z/3Z⊕ Z/3Z, Z/5Z, Z/7Z, Z/9Z, Z/15Z.
However, it is not known whether all the groups listed in Theorem 1 can be realized
as E(F)tors.
In this paper, we show that there exist exactly 20 possibilities for E(F)tors.
Theorem 2. Let E be an elliptic curve over Q. Let F := Q({√m ; m ∈ Z}). Then, the
torsion subgroup E(F)tors is isomorphic to one of the following 20 groups:
Z/2Z⊕ Z/2NZ for N = 1, 2, 3, 4, 5, 6, 8,
Z/4Z⊕ Z/4NZ for N = 1, 2, 3, 4,
Z/2NZ⊕ Z/2NZ for N = 3, 4
or {O}, Z/3Z, Z/3Z⊕Z/3Z, Z/5Z, Z/7Z, Z/9Z, Z/15Z. Moreover, there exists an
elliptic curve E over Q which realizes each group listed above as E(F)tors.
Remark 3. Professor David Goss pointed out to us that a sharpened version of Theo-
rem 1 was on Mathematical Reviews, which states that E(F)tors is isomorphic to one
of the following 24 groups:
(i) {O}, Z/3Z, Z/3Z⊕ Z/3Z, Z/5Z, Z/7Z, Z/9Z, Z/15Z,
(ii) Z/2Z⊕ Z/10Z, Z/6Z⊕ Z/6Z,
Z/2aZ⊕ Z/2bZ⊕ Z/3Z for 1ab2,
(iii)Z/2a+bZ⊕ Z/2aZ for a = 1, 2, 3 and b = 0, 1, 2, 3;
furthermore, each group in (i) and (ii) does occur as E(F)tors for some E over Q.
Hence, it only remains to show that if {O} 
= E(F)tors /⊃ Z/pZ for any odd prime p,
then E(F)tors is isomorphic to one of the following:
Z/2Z⊕ Z/2NZ for N = 1, 2, 4, 8,
Z/4Z⊕ Z/4NZ for N = 1, 2, 4,
Z/8Z⊕ Z/8Z,
and each of the groups above does occur as E(F)tors. However, since the proof of
the update version does not seem to be available to the public, we will just assume
Theorem 1 in this paper. We would like to thank Professor Goss.
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Notation: Throughout this paper, we denote by F the maximal elementary abelian
2-extension of Q and by OF the ring of algebraic integers in F. We denote by E an
elliptic curve over Q. For a square-free integer D, we denote by ED the D-quadratic
twist of E. Given a Weierstrass model for E and a point P on E, we denote by x(P ) the
x-coordinate of P. If A is a ﬁnitely generated abelian group and p is a prime number,
then we denote by A(p) the p-primary part of A and by A(2′) the set of elements of odd
order in A. For integers a1, . . . , an, we denote by (a1, . . . , an) the greatest common
divisor of a1, . . . , an.
2. Preliminary results
Let E be an elliptic curve over Q. In case E(Q)tors is non-cyclic, the torsion subgroup
E(F)tors is completely classiﬁed.
Theorem 4 (Fujita [1, Theorem 1]). Let E be an elliptic curve over Q given by
E : y2 = x(x +M)(x +N),
where M and N are integers with M > N . Assume that (M,N) is a square-free integer
or 1. Let F := Q({√m ; m ∈ Z}). Then E(F)tors can be classiﬁed as follows:
(a) If E(Q)tors  Z/2Z⊕ Z/8Z, then we have E(F)tors  Z/4Z⊕ Z/16Z.
(b) If E(Q)tors  Z/2Z⊕ Z/6Z, then we have E(F)tors  Z/4Z⊕ Z/12Z.
(c) If E(Q)tors  Z/2Z⊕Z/4Z, then we have E(F)tors  Z/4Z⊕Z/8Z or Z/8Z⊕
Z/8Z. In this case, we may assume that both M and N are squares. Then E(F)tors 
Z/8Z ⊕ Z/8Z if and only if M − N is a square (this is equivalent to the condition
that E−1(Q)tors  Z/2Z⊕ Z/4Z).
(d) If E(Q)tors  Z/2Z⊕ Z/2Z, then we have E(F)tors  Z/4Z⊕ Z/4Z, Z/4Z⊕
Z/8Z, Z/8Z ⊕ Z/8Z, Z/4Z ⊕ Z/12Z or Z/4Z ⊕ Z/16Z. Furthermore, E(F)tors 
Z/4Z⊕Z/4Z if and only if ED(Q)tors  Z/2Z⊕Z/2Z for all square-free integers D.
Otherwise, E(F)tors can be determined depending only on the type(s) of ED(Q)tors (and
of E−D(Q)tors when ED(Q)tors  Z/2Z⊕Z/4Z) for D with ED(Q)tors / Z/2Z⊕Z/2Z
through the isomorphism E  ED over F.
The following lemma is useful for examining whether a point in E over a ﬁeld k is
divisible by 2 in E(k).
Lemma 5 (Knapp [2, Theorem 4.2, p. 85]). Let k be a ﬁeld of characteristic not equal
to 2 or 3 and E an elliptic curve over k given by
E : y2 = (x − )(x − )(x − )
with , and  in k. For P = (x, y) ∈ E(k), there exists a k-rational point Q = (x′, y′)
on E such that [2]Q = P if and only if x − , x −  and x −  are all squares in k.
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Moreover, if we ﬁx each sign of √x − , √x −  and √x − , then x′ equals one of
the following:
√
x − √x − ±√x − √x − ±√x − √x − + x
or
−√x − √x − ±√x − √x − ∓√x − √x − + x,
where the signs are taken simultaneously.
We need the following lemmas in order to verify that a certain element in F is not
a square in F.
Lemma 6 (Fujita [1, Lemma 3.1]). Let R := Z[{√m : m ∈ Z}]. If a ∈ OF is of degree
2d over Q for some integer d0, then we have 2da ∈ R.
Lemma 7 (Fujita [1, Lemma 3.2]). For a ∈ OF , an odd prime l and an integer i0,
if li√l divides a2 in OF , then so does li+1.
Lemma 8 (Fujita [1, Lemma 4.4]). Let , ∈ Q and let  be a square-free integer. If
+ √ is a square in F, then 2 − 2 is a square in Q.
We also need the following lemma due to Laska and Lorenz.
Lemma 9. Let E be an elliptic curve over Q. Then the following hold.
(a) E(F) ⊃ Z/2Z if and only if E(Q) ⊃ Z/2Z.
(b) There exist distinct integers D1, . . . , Dm which are square-free or 1 such that
E(F)(2′)  ED1(Q)(2′) ⊕ · · · ⊕ EDm(Q)(2′).
Furthermore, each group EDi (Q)(2′) is isomorphic to a Q-rational subgroup of E(F)(2′).
Proof. See Lemma 1.4 in [3] for (a); see Corollary 1.3 (ii) and Remark 1.2 in [3]
for (b). 
3. Eliminating eleven types from the ones in Theorem 1
In this section, we show that the groups listed not in Theorem 2, but in Theorem 1,
can not be realized as E(F)tors.
We begin by an elementary lemma.
Lemma 10. For any non-zero integer D,
√
D
√−1 is not a square in F.
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Proof. We may assume that D is a square-free integer or 1. If there exists an odd
prime l which divides D, then by Lemma 6
√
D
√−1 is divisible not by l but by √l
in OF . It follows from Lemma 7 that
√
D
√−1 is not a square in F. Hence, we may
assume that D = ±1 or ±2.
If D = ±1, then it is obvious that
√
D
√−1 = √±1 4√−1 is not a square in F. If
D = ±2, then
√
D
√−1 =
√
±2√−1 is a square if and only if √2 4√−1 is a square
in F, that is,
√
2
1+√−1√
2
= 1+√−1
is a square in F, which does not occur because of Lemma 8. Hence,
√
±2√−1 is not
a square in F. This completes the proof of the lemma. 
Lemma 10 is the key to proving the following.
Proposition 11. Assume that E(Q)tors is cyclic. Then we have E(F)tors /⊃ Z/8Z ⊕
Z/8Z.
Proof. Suppose that E(F) ⊃ Z/8Z ⊕ Z/8Z. Since E(Q) ⊃ Z/2Z by Lemma 9, we
may assume that
E : y2 = x(x + )(x + ¯),
where  = a + b√c, ¯ = a − b√c with a, b ∈ Z and a square-free integer c. Put
Q1 := (−, 0). Since Q1 ∈ 2E(F), Lemma 5 implies that − + ¯ = −2b√c is a
square in F, which means that c = −1 by Lemma 8.
Put P1 := (0, 0). For a point P2 ∈ E(F) with [2]P2 = P1, we know by Lemma 5
x(P2) = ±
√
a2 + b2.
Suppose that x(P2) =
√
a2 + b2. Then, P2 ∈ 2E(F) if and only if
4
√
a2 + b2 ∈ F and
√√
a2 + b2 + a ± b√−1 ∈ F.
By Lemma 8, the ﬁrst condition implies that
a2 + b2 = d2 (1)
for some integer d > 0, and the second condition implies that
√
(a + d)2 + b2 =√
2d(a + d) ∈ Q; we may write 2d(a + d) = e2 with some integer e > 0. The
equation (1) allows us to express either
a = 2kmn, b = k(m2 − n2), d = k(m2 + n2) (2)
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or
a = k(m2 − n2), b = 2kmn, d = k(m2 + n2), (3)
where
k,m, n ∈ Z, (m, n) = 1 and m /≡ n (mod 2). (4)
In the case (2), we must have e2 = 2k2(m+ n)2(m2 + n2), which is impossible, since
2(m2 + n2) ≡ 2 (mod 4). Hence, we may assume (3). Then we have
e2 = 4k2m2(m2 + n2),
which means that
m2 + n2 is a square. (5)
On the other hand, let Q2 ∈ E(F) be a point with [2]Q2 = Q1 = (−, 0). Then by
Lemma 5, Q2 ∈ 2E(F) implies that x(Q2)+  is a square in F. Since
x(Q2)+  = ±
√
(− ¯)
= ±
√
4kmn
√−1 {k(m2 − n2)+ 2kmn√−1 }
= ± 2k(m+ n√−1 )
√
mn
√−1,
X := (m+ n√−1 )
√
mn
√−1 is a square in F. Now, by (4) and (5), we may assume
that either m = (m′)2 − (n′)2, n = 2m′n′ or m = 2m′n′, n = (m′)2 − (n′)2, where
m′, n′ ∈ Z with (m′, n′) = 1. In either case, X is a square in F if and only if
√
2m′n′{(m′)2 − (n′)2}√−1
is a square in F, which does not occur because of Lemma 10. It follows from Lemma
5 that Q2 /∈ 2E(F), which contradicts the assumption that E(F) ⊃ Z/8Z⊕ Z/8Z.
In case x(P2) = −
√
a2 + b2, we also see that P2 /∈ 2E(F) and arrive at a con-
tradiciton in the same way as above.
Consequently, we obtain E(F) /⊃ Z/8Z⊕ Z/8Z. 
On account of Theorem 4, we obtain the following.
Corollary 12. Let E be an elliptic curve over Q. Then, the torsion subgroup E(F)tors
is isomorphic to none of the following:
Z/8Z⊕ Z/16Z, Z/8Z⊕ Z/32Z, Z/8Z⊕ Z/64Z,
Z/8Z⊕ Z/24Z, Z/16Z⊕ Z/24Z, Z/24Z⊕ Z/24Z, Z/8Z⊕ Z/40Z.
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Next, we show that E(F)tors is isomorphic to none of the following:
Z/4Z⊕ Z/32Z, Z/8Z⊕ Z/12Z, Z/12Z⊕ Z/12Z, Z/4Z⊕ Z/20Z.
We need the following lemma.
Lemma 13. Assume that E(Q)tors is cyclic. Then, E(F) ⊃ Z/4Z if and only if there
exists D, a square-free integer or 1, such that ED(Q) ⊃ Z/4Z.
Proof. Suppose that E(F) ⊃ Z/4Z. Since E(Q) ⊃ Z/2Z by Lemma 9, we may
assume that
E : y2 = x(x + )(x + ¯),
where  = a + b√c, ¯ = a − b√c with a, b ∈ Z and a square-free integer c. E(F) ⊃
Z/4Z implies that (0, 0), (−, 0) or (−¯, 0) is in 2E(F). In any case, by Lemma 5,
we see that  is a square in F, which means that
 = a0(a1 + a2
√
c )2
for some a0 := b0/c0 ∈ Q and a1, a2 ∈ Z with (a1, a2) = 1. The b0c0-quadratic twist
of E is Q-isomorphic to E′ given by
E′ : y2 = x{x + (a1 + a2√c )2}{x + (a1 − a2√c )2},
which satisﬁes E′(Q) ⊃ 〈(a21 − a22c, 2a1(a21 − a22c))〉  Z/4Z (cf. [4, Theorem (I)]).
The converse is obvious. 
Proposition 14. Let E be an elliptic curve over Q. Then we have E(F) / Z/4Z ⊕
Z/32Z.
Proof. Suppose that E(F)tors  Z/4Z⊕ Z/32Z. By Lemma 13, we may assume that
there exists a point P2 ∈ E(Q) of order 4. Let {x, y} be a Z2-basis for the 2-adic
Tate module T2(E) of E such that xmod 4 = P2. Since E(F) ⊃ Z/4Z ⊕ Z/4Z, we
have ymod 4 ∈ E(F). For  ∈ Gal(F/F ), the 2-adic representation 2 : Gal(F/F )→
Aut(T2(E)) attached to {x, y} has the form
2() =
(
1+ 22a 22b
22c 1+ 22d
)
∈
(
1+ 22Z2 22Z2
22Z2 1+ 22Z2
)
.
Put E′ := E/〈[2]P2〉. Then E′ is an elliptic curve over Q, {x′, y′} with x′ := x and
y′ := 2y is a Z2-basis for the 2-adic Tate module T2(E′) of E′, and for  ∈ Gal(F/F )
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the 2-adic representation ′2 : Gal(F/F ) → Aut(T2(E′)) attached to {x′, y′} has the
form
′2() =
(
1+ 22a 23b
2c 1+ 22d
)
. (6)
On the other hand, E(Q) ⊃ 〈P2〉  Z/4Z implies that E′(Q) ⊃ Z/2Z⊕ Z/2Z. Since
there exists an isogeny f : E → E′ over F of degree 2, by Theorem 4 we have
E′(F )  Z/4Z⊕ Z/16Z. Hence, for all  ∈ Gal(F/F ) we may write c = 2c′ with
c′ ∈ Z2. Further, E′(F ) ⊃ Z/16Z implies that
there exist , ∈ Z2 such that x′ + y′mod 24 ∈ E′(F ). (7)
If a ∈ Z×2 for some  ∈ Gal(F/F ), then d ∈ Z×2 , since det 2 is the 2-adic cyclotomic
character of Gal(F/F ). Note that the number of roots of unity in F is 24. It is easy to
see from the form (6) with c = 2c′ that (7) is impossible. If a ≡ 0 (mod 2) for all
 ∈ Gal(F/F ), then d ≡ 0 (mod 2) for all  ∈ Gal(F/F ). Since y′mod 23 ∈ E′(F )
and E′(F ) /⊃ Z/8Z ⊕ Z/8Z, we have x′mod 23 /∈ E′(F ), which implies that there
exists ′ ∈ Gal(F/F ) such that c′′ ∈ Z×2 . It is also easy to see that (7) is impossible.
Therefore, we obtain E(F)tors / Z/4Z⊕ Z/32Z. 
Proposition 15. Let E be an elliptic curve over Q. Then we have E(F)tors / Z/8Z⊕
Z/12Z.
Proof. Suppose that E(F)tors  Z/8Z ⊕ Z/12Z. In exactly the same way as Propo-
sition 14, we see that E′(Q) ⊃ Z/2Z ⊕ Z/2Z and E′(F )tors  Z/4Z ⊕ Z/12Z with
E′ as in Proposition 14, and arrive at a contradiction. This completes the proof of
Proposition 15. 
Proposition 16. Let E be an elliptic curve over Q. Then we have E(F)tors / Z/12Z⊕
Z/12Z.
Proof. Suppose that E(F)tors  Z/12Z⊕Z/12Z. It is clear that E′, as in Proposition
14, satisﬁes E′(Q) ⊃ Z/2Z ⊕ Z/2Z and E′(F ) ⊃ Z/3Z ⊕ Z/3Z, which contradicts
Theorem 4. Therefore, we obtain E(F)tors / Z/12Z⊕ Z/12Z. 
Proposition 17. Let E be an elliptic curve over Q. Then we have E(F)tors / Z/4Z⊕
Z/20Z.
Proof. This can be proved in the same way as Proposition 16. 
To sum up, we obtain the following.
Proposition 18. Let E be an elliptic curve over Q. Put F := Q({√m ; m ∈ Z}).
Then, the torsion subgroup E(F)tors is isomorphic to one of the following 20
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groups:
Z/2Z⊕ Z/2NZ for N = 1, 2, 3, 4, 5, 6, 8,
Z/4Z⊕ Z/4NZ for N = 1, 2, 3, 4,
Z/2NZ⊕ Z/2NZ for N = 3, 4
or {O}, Z/3Z, Z/3Z⊕ Z/3Z, Z/5Z,Z/7Z, Z/9Z, Z/15Z.
4. Examples for the groups in Theorem 2
It has been already found in [3] that there exists an elliptic curve E over Q which
realizes each type of
Z/5Z, Z/7Z, Z/9Z, Z/15Z, Z/3Z⊕ Z/3Z and Z/6Z⊕ Z/6Z
as E(F)tors. In fact, it is clear that if E(Q)tors  Z/7Z or Z/9Z, then Theorem 1
implies that E(F)tors  Z/7Z or Z/9Z, respectively. If E(Q)tors  Z/5Z and E is
Q-isomorphic neither to
EA : y2 + xy + y = x3 − 3x2 + x − 1
nor to
EB : y2 + xy + y = x3 + 22x2 + x − 9
(for example, if E is given by y2 + y = x3 − x2), then we have E(F)tors  Z/5Z
[3, Remark 2.6 (b)]. In addition, we see that EA(F)tors  EB(F)tors  Z/15Z [3,
Remark 2.6 (a)]. If E1 is an elliptic curve over Q with E1(Q)tors = 〈P 〉  Z/9Z, then
E := E1/〈[3]P 〉 satisﬁes E(F)tors  Z/3Z⊕ Z/3Z; and the elliptic curve
E : y2 = x3 + 5805x − 285814
satisﬁes E(F)tors  Z/6Z⊕ Z/6Z [3, Remark 2.6 (c)].
Furthermore, the elliptic curve E1 : y2 + y = x3 + x2 (of conductor 43) satisﬁes
E1(Q)tors = {O} and its Q-isogeny class has the unique Q-isomorphism class, whence
by Lemma 9 we have E1(F )tors = {O}; the elliptic curve E3 : y2 = x3 + 4 satisﬁes
E3(Q)tors  Z/3Z and ED3 (Q)tors = {O} for all square-free integers D, whence by
Lemma 9 we have E3(Q)tors  Z/3Z.
Now, we examine the types listed in Theorem 2 other than the ones given in Theorem
4 and the ones above.
(i) E(F)tors  Z/2Z⊕Z/10Z. By Proposition 18, if E is any elliptic curve over Q
with E(Q)tors  Z/10Z, then we have E(F)tors  Z/2Z⊕ Z/10Z.
(ii) E(F)tors  Z/2Z⊕Z/6Z. If E is given by y2 = x3+1, then we have E(Q)tors 
Z/6Z and ED(Q)tors  Z/2Z for all square-free integers D (cf. [2, Theorem 5.3]).
Hence, Lemma 13 implies that E(F)(2)  Z/2Z ⊕ Z/2Z; Lemma 9 (b) implies that
E(F)(2′)  Z/3Z. Therefore, we have E(F)tors  Z/2Z⊕ Z/6Z.
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We now put in a lemma, which follows immediately from Lemma 5.
Lemma 19. Let E be an elliptic curve over Q given by
E : y2 = x(x + a + b√c )(x + a − b√c ),
where a, b ∈ Z and c is a square-free integer. Put P1 := (0, 0), Q1 := (−a − b√c, 0)
and R1 := (−a + b√c, 0). Then the following hold.
(1) P1 ∈ 2E(F) if and only if
√
a + b√c ∈ F .
(2) Q1 ∈ 2E(F), which is equivalent to R1 ∈ 2E(F), if and only if c = −1 and√
a + b√c ∈ F .
(iii) E(F)tors  Z/2Z ⊕ Z/12Z. Let E : y2 = x(x2 + 1177x + 50 186). Then we
have E(Q)tors = 〈(0, 0)〉  Z/12Z. Put f (x) := x2+1177x+50 186. The discriminant
of f (x) equals 1 184 585, whose square-free part does not equal −1. It follows from
Lemma 19 that E(F) /⊃ Z/4Z ⊕ Z/4Z. Therefore, from Proposition 18 we obtain
E(F)tors  Z/2Z⊕ Z/12Z.
(iv) E(F)tors  Z/2Z⊕ Z/2Z. Let E : y2 = x(x2 − 2). Then, we have E(Q)tors 
Z/2Z and ED(Q)tors  Z/2Z for all square-free integers D (cf. [2, Theorem 5.2]). It
follows from Lemma 13, together with Lemma 9 (b), that E(F)tors  Z/2Z⊕Z/2Z.
(v) E(F)tors  Z/2Z ⊕ Z/4Z. Let E : y2 = x(x − 1 + 2
√−2 )(x − 1 − 2√−2 ).
Then E(Q)tors = 〈P2〉  Z/4Z, where P2 := (3, 6). Since Lemma 19 implies that
Q1 := (1 − 2
√−2, 0) /∈ 2E(F), we have E(F) /⊃ Z/4Z ⊕ Z/4Z. By Lemma 5, if
P2 ∈ 2E(F), then 1+
√−2 would be a square in F, which does not occur because of
Lemma 8. Hence we have P2 /∈ 2E(F). In the same way, we see that P ′2 := P2+Q1 /∈
2E(F). Since the F-rational points on E of exactly order 4 are ±P2 and ±P ′2, we have
E(F) /⊃ Z/8Z. Hence, we have E(F)(2)  Z/2Z⊕ Z/4Z.
It sufﬁces to show that ED(Q) /⊃ Z/3Z for all square-free integers D. Note that ED
is given by y2 = x(x−D+2√−2D)(x−D−2√−2D). It follows from Theorem (III)
in [4] that if ED(Q) ⊃ Z/3Z for some D, then there exist non-zero integers a, b, c
with (a, b, c) = 1 such that


a2 + 2ac − 2b2 = −D,
b(a + c) = D,
a2 + 2b2 = c2,
which implies that
b(a + c) = c2 − 2a(a + c), a ≡ c (mod 2) and b is even.
Hence, both a and c must be even, which contradicts (a, b, c) = 1. Therefore, we have
ED(Q) /⊃ Z/3Z for all square-free integers D.
It follows from Lemma 9 (b) that E(F)tors  Z/2Z⊕ Z/4Z.
(vi) E(F)tors  Z/2Z⊕ Z/8Z. Let E : y2 = x(x − 62+ 6
√−7 )(x − 62− 6√−7 ).
Then we have E(Q)tors = 〈P3〉  Z/8Z, where P3 = (32, 192). Since Lemma 19
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implies that Q1 := (62 − 6
√−7, 0) /∈ 2E(F), we have E(F) /⊃ Z/4Z ⊕ Z/4Z. By
Lemma 5, if P3 ∈ 2E(F), then 5 +
√−7 would be a square in F, which does not
occur because of Lemma 8. Hence we have P3 /∈ 2E(F). In the same way, we see that
P ′3 := P3 +Q1 /∈ 2E(F). Since the set of F-rational points on E of exactly order 8 is
{[m]P ; P = P3 or P ′3, m = 1, 3, 5 or 7},
we have E(F) /⊃ Z/16Z. Therefore, we have E(F)(2)  Z/2Z ⊕ Z/8Z. It follows
from Proposition 18 that E(F)tors  Z/2Z⊕ Z/8Z.
(vii) E(F)tors  Z/2Z⊕Z/16Z. Let E be an elliptic curve with E(Q)tors = 〈P3〉 
Z/8Z such that E′(Q)tors  Z/2Z⊕ Z/8Z, where E′ := E/〈[4]P3〉.
Then we have E(F)tors  Z/2Z⊕Z/16Z. In fact, we can choose a Z2-basis {x′, y′}
for T2(E′) with x′mod 23, y′mod 2 ∈ E′(Q) such that E′/〈y′mod 2〉 is Q-isomorphic
to E. Then, Theorem 4 (a) implies that x′mod 24, y′mod 22 ∈ E′(F ); attached to
{x′, y′}, the 2-adic representation ′2 : Gal(F/F )→ Aut(T2(E′)) has the form
′2() =
(
1+ 24a 22b
24c 1+ 23d
)
∈
(
1+ 24Z2 22Z2
24Z2 1+ 23Z2
)
for  ∈ Gal(F/F ), where there exists  ∈ Gal(F/F ) such that b ∈ Z×2 . Hence, attached
to the Z2-basis {x, y} with x = 2x′ and y = y′ for T2(E), the 2-adic representation
2 : Gal(F/F )→ Aut(T2(E)) has the form
2() =
(
1+ 24a 2b
25c 1+ 23d
)
for  ∈ Gal(F/F ). Therefore, we have E(F) ⊃ Z/16Z⊕ Z/2Z and E(F) 
⊃ Z/4Z⊕
Z/4Z. It follows from Proposition 18 that E(F)tors  Z/2Z⊕ Z/16Z.
For example, the curve
E : y2 = x(x2 − 47x + 163)
and the point P3 = (162, 15·162) satisfy the conditions above. It follows that E(F)tors 
Z/2Z⊕ Z/16Z.
Consequently, we obtain Theorem 2.
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